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Asymmetric Buckling of Toroidal Shells Under Axial Tension
S. K. RADHAMOHAN* AND B. PRASAD*

Vikram Sarabhai Space Center, Trivandrum, India

A theoretical study of asymmetric buckling of toroidal shells under axial tension is covered in this paper.
Sanders nonlinear theory is used in formulating the buckling and prebuckling equations. The nonlinear differential
equations encountered in the prebuckling analysis are solved, by "parametric differentiation technique" recently
used for solving axisymmetric buckling problems. The axial tensile deformation at the truncated boundary of the
shell is chosen as the parameter in the above technique. The buckling behavior for various ratios of radius to
thickness of the toroid is investigated. The buckling load gradually increases with increasing thickness of the toroid
but the circumferential waves decrease rapidly. The effect of boundary conditions on the buckling behavior of a
truncated hemisphere is also studied and compared with the existing results.

Nomenclature
a — radius of the parallel circle at the clamped edge of the

toroidal shell
E = Young's modulus of elasticity
E0 = reference modulus of elasticity
F = axial tensile load per unit circumferential length at the shell

equator
G = modulus of rigidity
L = reference length of the shell
Ms, Me = moments in meridional and circumferential directions,

respectively
n = number of circumferential waves
Ns, Ne = normal stress resultants along meridional and circum-

ferential directions, respectively
Nse = effective shear at boundary
Nse, Mse — inplane shear force and twisting moment
Qs> Qe = radial shear forces
Qs = effective radial shear
4S> 4e> 4 = surface forces acting along meridional, circumferential and

radial directions, respectively
Y = radius of parallel circle
R — reference radius of the shell
Rs, Re = principal radii of curvature in s and 0 directions, respectively
s = the distance measured along the shell surface
t = thickness of the shell
t0 = reference thickness
u,v,w — the displacements in meridional, circumferential and

normal directions, respectively
Zu = nondimensionalized height of the truncated shell
0 — circumferential angle measured from a reference surface
v = Poisson's ratio
y.0 = altitude angle of the truncated edge
d = axial deformation at the truncated edge
</>s> <t>e> <t> = rotations of the reference surface
£s, £0 = normal strains in s and 0 directions, respectively
\l/s, \l/fi = curvatures of the reference surface
es0 = shearing strain
\l/se = twisting curvature
(~) = nondimensionalized quantities
( )0 = prebuckling quantities
( )* = perturbed quantities

Introduction

TOROIDAL, hemispherical, and torispherical shells are
widely used as end domes in aerospace structures such as

boosters and re-entry vehicles. From headroom considerations,
toroidal and torispherical domes are preferred to hemispherical
ones. Stability analysis of these shells of revolution based on
consistent approach1 was carried out using different numerical
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methods such as Finite Difference,2'3 Integration4 and Finite
Element Methods.5'6 Since these theoretical values did not agree
with the experimental results, attention was given to the study
of geometrical imperfections on the buckling behavior.7-8

It has been established theoretically and experimentally14

that a torispherical shell buckles under internal pressure with
large number of circumferential waves. Another situation in
which buckling is predominant is a toroid under axial tension.
This problem, although an interesting one, has not been dealt
with so far. Some attempts have, however, been made recently
on the study of buckling behavior of truncated hemispherical
shells under axial tension, using different numerical techniques.
Yao9 analyzed the above problem using Vlasov's small deflection
theory. The equations of equilibrium and compatibility con-
ditions were satisfied by the use of Galerkin's approximation.
The same problem was investigated by Navaratna and others5

using a finite element technique (comprising of 30 equal size
elements) with clamped boundary conditions. Theoretical pre-
dictions of this method were reported to be very close to the
experimental values of Yao.9 In his numerical solution Wu10

used consistent buckling approach of Stein1 in conjunction with
Finite Difference iteration scheme for solving both the pre-
buckling and eigenvalue problem. The buckling strengths were
found to be in good agreement with Yao's9 membrane results.

Though the results of membrane and bending prebuckling
analyses agree very well in the case of hemispherical shells,
such a conclusion cannot be taken for granted for toroidal
shells whose actual behavior is represented by a bending state.
Hence in the present work, the prebuckling state is idealized
by a nonlinear bending state. Sanders15 nonlinear shell theory is
adopted to derive both the (nonlinear) prebuckling and (linear)
buckling equations.

Parametric differentiation technique has been used here for
solving the nonlinear differential equations of the prebuckling
state. This method was used recently in the investigation of
axisymmetric buckling of spherical shells.1 M2 In the above cases,
external load on the shell was chosen as a parameter for solving
the nonlinear differential equations. However, in this investiga-
tion, the axial deformation at the truncated edge of the toroidal
shell is used to demonstrate the generality of parametric dif-
ferentiation technique. The method is explained below.

The nonlinear differential equations are first differentiated
with respect to this parameter and the order of differentiation
between the space variable and the deformation parameter is
then interchanged. This leads to a system of linear differential
equations with variable coefficients, the new dependent variables
being the gradients with respect to the deformation parameter.
The problem thus reduces to the solution of a linear boundary
value problem along space (independent) variable and an initial
value problem along the deformation parameter.

The linear boundary value problem can be solved by con-
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verting it to a set of initial value problems through "segmenta-
tion technique."13 Higher order Runge-Kutta method with
Gill's variation is employed here to integrate the initial value
problems. The theoretical study treats the case where both the
truncated edge and the clamped edge are restrained from moving
radially or from rotating.

Governing Equations
The strain displacement and equilibrium equations are chosen

from Sanders' nonlinear formulation, applicable to thin shells
of revolution.15 The rotations are assumed to be moderately
small so that squares of rotation are retained in the strain dis-
placement relations. Stress strain laws based on Kirchhoff-Love
hypothesis are chosen. The material is assumed to be homo-
geneous and isotropic. The positive directions of displacements,
stress resultants and external forces are shown in Fig. 1.

Since it is more convenient to deal with nondimensionalized
quantities in numerical computation, the following non-
dimensionalization is adopted

(u, v, w, f) = (u, v, w, t)/t0

DISPLACEMENTS

Ne, Nse, Qv Qe) = (JV, N9, Nse, Qs, Qe)/E0 10

(Ms, Me, M J = (Ms, Me, Mse)/E0 10
2

(1)

The governing equations are rearranged into a set of eight
first-order equations so that they can be readily integrated by
"Runge-Kutta" Method. This arrangement of equations easily
takes care of the variations in the loading and material pro-
perties. The variables which specify the boundary conditions at
any s = const edge, are chosen as the dependent variables and
hence the boundary conditions can be satisfied without any
difficulty.

Buckling Criteria
The "adjacent configuration" approach, is used to derive the

buckling equations from the above nonlinear differential
equations. The adjacent configuration differing infinitesimally
from the primary state (prebuckling state) can be written as

(2)vf = v*(s, 0)
wf = w0(s)-\-w*(s, 0)

where u0, w0 are the displacements prior to incipient of buckling,
and u*, v*, w* are the additional quantities which are assumed
to be infinitesimal.

The terms involving linear functions of these additional dis-
placements are retained in the equations. The corresponding
strains, curvatures and stress resultants of the adjacent state can
be written in a similar way.

Assuming that the prebuckling state is an axisymmetric state,
the corresponding equations governing this state can be identified
from the adjacent equilibrium state. The final equations (written
in first order form) in terms of the prebuckled and perturbed
quantities are given below.

Prebuckling Equations
dujds = (L/t0)[(eM-(tJL)(wjRj-4M

2/2)]
dwJds^ujRs-d/t,)^

d(f)Jds = \l/so

dNJds = (r'/f)(N6o-NJ-QJRs-(L/t0)qs

dQJds = NjRa

dMJds = (r'/PK

(3)

\
LOADS

Fig. 1 Sign convention for displacements, stress resultants, and forces.

where

= (R/L)?<t>J?
(4)

The boundary conditions at s — const are
NSO °r Uo

Qso °r wo
Mvv, or 6vn

(5)

Buckling Equations
The perturbed quantities are functions of s and 6. Since our

area of interest is only shells of revolution, these quantities can
be expressed in terms of periodic functions in 0 direction. Thus

u*(s,0)= X MB

v*(s, 0)=% vn* sinn 8 (6)

w*(s,0)=

All other quantities are expanded in a similar manner. In
Eqs. (6), n corresponds to number of waves in the circum-
ferential direction. The final equations in terms of perturbed
quantities are
dNm*/ds = (?'/f)(Nen*-Nsn*) + (2/-r)(L/R)(t0/R)(n/Re)Msen*-

Qm*/R, + (L/R)(n/?)(N, + NJ<t>a*-

(7)
{(t0/R)(3/R9)-(t0/L)(l/Rs)}]Ms),n*/2-

(L/R)(n/r)Nen* + (L/R)Neo (/>,„*/ Rg - (L/t0)qe*
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dQm*/dS = Na,*/Rs+(L/R)N<ln*/Re+(L/R)(n/r)\_Nf>l,<t>en

<l>M<N^*-{(tf/R)(3/Rt)-(tt/L)(l/R^M
<£„*(#*, + # J/2>] - (F/JOa,* + (n/r)(L/R) x
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+(L/t0)(<t>s

Fig. 2 Shell geometry.

where
r'u,,*/-r + (t0/R)Wn*/Re+(t0/R)(n/?)vn

(8)

In the above equations, qs*. qe*, q* are the perturbed quantities
of the external load. In the case of dead loading all these
quantities are zero because the load vector remains invariant.
In the case of normal pressure field (q) whose magnitude remains
unaltered but the direction changes depending on the normal,
these quantities are

<1* = <
(9)

where

(10)

The boundary conditions at s = const are
JVsn*-0 or un* = Q

N*.*=V or ,n* = 0
2«*=0 or w n *=0

M w *=0 or (/>„,* = 0
The nonlinear Eqs. (3) along with Eqs. (4) and (5), governing the
prebuckling state are solved by "Parametric Differentiation
Technique." The dependent variables of this integration enter into
Eqs. (7-9) as variable coefficients. The integration of linear
homogeneous Eqs. (7) and (8) with homogeneous boundary con-
ditions [Eqs. (10)] can be carried out by assuming unit values
in succession for the unspecified quantities at one end. Finally
at the far end, a set of homogeneous boundary conditions is to
be satisfied. Hence for a nontrivial solution, the determinant
formed by the corresponding coefficients of the homogeneous
integrations should vanish. When the determinant changes sign
between two successive values of the deformation parameter, a
linear interpolation along with a finer step size of the parameter
near the bifurcation point can be used to find the more accurate
bifurcation load. The wave number which corresponds to the
minimum value of the axial deformation, near the bifurcation
point is taken as a harmonic wave number at buckling.

A computer program using the above formulation and
methods of solution has been developed to obtain the asym-

metric buckling loads of thin shells of revolution.16 The program
has the capability to tackle different types of .loading and
boundary conditions. An input variable in the main routine
distinguishes between the linear and nonlinear bending states in
the prebuckling analysis. If linear bending state is assumed, the
"Parametric Differentiation" scheme is skipped and the equations
are directly integrated by "Segmentation Technique" coupled
with "Runge-Kutta" method. Minor modifications are made in
the above program to get the numerical results in the present
investigation.

Numerical Results and Discussion
In order to verify the formulation, the buckling loads for a

truncated hemispherical (special case of toroid) shell under
tension are obtained. The geometry is the same as adopted by
Wu.10 The boundary conditions are chosen as
Prebuckling state

«. = wo = <t>*, = 0 at s = 0
«<> = (<VOcos <*o; wo = (<Vf)sin a«; <£«, = o at s = i

Buckling state
«.* = •>„* = */= *.* = 0 at s = 0 and i= 1 (11)

The results of the present investigation agree very well with
Wu's10 work. The buckling strengths and the corresponding
wave numbers of this investigation are listed in Table 1 along
with the results of other investigators. The same problem is
analyzed by Yao9 and Navaratna5 by using a different set of
boundary conditions for the buckled state. They are
wn* = </>sn* = Nsn* = N^* = 0 at s = 0 and 5 = 1 (12)
The values for this case do not differ from the analysis based
on Eq. (11). The results of the present theory with the changed
boundary conditions agree with Yao,9 but deviate considerably
from the work of Ref. 5. This observation requires a fresh in-
vestigation of the above problem with a more refined finite
element formulation.

Toroidal Shell Under Tension
The toroidal shell geometry (Fig. 2) is chosen with a0 equal

to 23° 30' and a = 1440, where "a" is the radius of the parallel
circle at the clamped edge. The shell thickness is altered and the
buckling stresses are obtained for different R/t ratios. The
boundary conditions as given by Eq. (11) are used here.

Table 1 Buckling load for a truncated hemisphere under axial tension"

Dimensionless buckling load [F/£t] x 104

Finite
Harmonic Galerkin element

number method9 method5

Finite Parametric
difference differentiation
method10 technique Experimental9

38
39
40

7.00
6.88

13.4903 6.93 13.0567

12.97
12.93
13.16

6.15

" a/t = 3 and Zu = 0.39875.
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Fig. 3 F/Et vs d/t for different values of R/t.

The prebuckling results indicate that the variation of F/Et
(where F is the meridional stress at the clamped edge) is non-
linear with respect to d/t. This variation is shown in Fig. 3 for
three representative ratios of R/t. It can be observed that this

Table 2 Buckling of a toroidal shell under axial tension"

Geometric
parameter

Harmonic
wave no.

Critical axial
tensile load

Critical axial
extension

R/t F/Et x 103 d/t

288.0
247.0
216.0
192.1
172.8
157.2
154.4

43
40
39
36
35
34
33

1.403
1.75
2.15
2.755
3.495
5.175
5.55

0.5201
0.5223
0.52661
0.55461
0.5875
0.6921
0.71189

" Shell geometry: a = 1440; 2U = 0.39875; a0 = 23° W;R = 864.

PREBUCKLING
DEFORMATION (

O.I O-2 O-3 O.4 O-5 O-6 O7 O« O9 \ IO

S

Fig. 4 Buckling mode and the corresponding prebuckling deformation
for a typical shell geometry.

0-7

n-3

180 210 24O 27O 3OO

"A
Fig. 5 Critical axial deformation and stress at the clamped edge for

various shell geometries.

nonlinear behavior becomes predominant for smaller values of
R/t. The variation of normal deformation prior to buckling is
shown in Fig. 4. Most of the shell deforms inwardly except a
small portion near s = 1 edge which has outward deformation.

The buckling stresses for various ratios of R/t are given in
Table 2 and plotted in Fig. 5. The results show that the
dimensionless critical load decreases as R/t increases. However,
the decrease is very rapid in the range 150 < R/t < 190 and
gradual for R/t > 190. The circumferential waves increase as
R/t increases. The variation of the critical value of d/t with
respect to R/t is also shown in Fig. 5. The circumferential
stresses at the inner and outer faces of the toroid prior to
buckling are plotted in Fig. 6. It can be observed that the
inner face of the shell is completely under compression while
the outer face is subjected to tensile stress at the boundaries.

O.l\ O.2 O-3 O.4 O-5 O-6 O-7 O-8 0-9 I.O

s

OUTER FACE

Fig. 6 Variation of circumferential stress along the toroidal surfaces
prior to buckling.
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This shows that except for the edge zones, the whole section
in the remaining part of the shell is under compression which
causes instability. However, the meridional stresses are found to
be tensile in the interior region of the shell; except at the
boundaries. A representative mode shape for R/t = 288 is plotted
in Fig. 4.

Conclusions
Choosing the axial deflection at the truncated edge of a shell

as a parameter, the parametric differentiation technique is used
for the first time to obtain the asymmetric buckling loads of a
toroid under axial tension. The different boundary conditions
considered here do not affect the buckling phenomena of
hemispherical shells even when the prebuckling state is repre-
sented by a general nonlinear bending state. For a toroid
under tension, the variation between meridional stress and
d/t is nonlinear and is more predominant for lower values of
R/t. The buckling phenomena is caused because of the com-
pressive circumferential stresses, existing over a large part of the
shell. Buckling stresses decrease more rapidly when R/t values
are small. However, the wave numbers increase with increasing
R/t.
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